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Thermoelastic and Electromagnetic Damping Analysis

Usik Lee*
Stanford University, Stanford, California

The thermoelastic damping due to thermal currents and the electromagnetic damping due to electric conduc-
tion currents of vibrating solids are discussed. The effects of structural and geometrical constraints on damping
loss factors are investigated. Also, optimum conditions for the maximum damping, which may be useful on the
stage of system design, are investigated. It is found that damping loss factors are generally dependent upon
structural and geometrical configurations. An analogy exists between thermoelastic damping and electromag-
netic damping, showing Debye curves with Debye peaks. Standing transverse waves are likely to achieve larger
damping than standing dilatational waves in the presence of a magnetic field. Electromagnetic damping in ferro-
magnetic material bodies is found to be considerable in high field. The influence of thermoelastic damping on
aeroelastic stability of beam plates is investigated. This research strongly suggests that thermoelastic damping

improves the aeroelastic stability of beam plates.

Nomenclature
a, =Fourier coefficient
A =vector potential
C4,C, =electromagneto-elastic coupling vectors
C, =amplification factor
c, = constant-strain specific heat (unit mass)
D =FEh3/12(1 - v?), plate flexural rigidity
e =€y tepteg
E =Young’s modulus
fay) = function defined in Eq. (4)
F,f =external forces
h =shell thickness
h = H— H,, perturbation in magnetic field
H, = constant reference magnetic field

=+/—1, imaginary unit

=thermal conductivity

=Eh/(1 -»?)

=changes in curvatures of the middle surface
= beam-plate length in x direction

= dimensions along «;,«, coordinates

= Maxwell stress tensor, Eq. (47)
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M = Mach number

M, ,M, =quantities defined in Eqgs. (10) and (57)

R,R, =radii of shell curvatures in «;,«, coordinates
= quantity defined in Eq. (49)

t =time coordinate

t; =0, + my, total stress tensor

AT =T-T,, temperature disturbance

T, = constant reference absolute temperature

u =displacement field vector

U =strain energy

AU =energy dissipated

U, = fluid velocity

w =deflection of shell in «; coordinate

w =normal mode (with subscripts)

a =velocity of longitudinal (P —) wave

a,0,,a; =orthogonal curvilinear coordinates

o =linear thermal coefficient of expansion
=velocity of transverse (S—) wave

v =p.L/ph, dimensionless mass ratio

An =eigenvalue, Eq. (38a)
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Ty = quantity defined in Eq. (14)

6 =logarithmic decrement (with subscripts)
& =delta function

Ot =Kronecker delta

A = ToazE/pc,,, thermal relaxation strength
€,€, = electromagneto-elastic coupling constants
€ =mechanical strain tensor

7 =damping loss factor (with subscripts)
Np =A[wr/(1 —w?7?)], Debye formula

'y = quantity defined in Eq. (13)

[ = dimensionless constant (=1)

[15% =magnetic permeability

v = Poisson’s ratio

vy = 1/opy, magnetic viscosity

£ =dimensionless quantity (with subscripts)
II =factor defined in Eq. (23)

o =material density

Poo = fluid density

o =electric conductivity

0 =mechanical stress tensor

T =pc, h?/ w2k, dimensionless time

¢ =scalar potential

¥ =normal mode (with subscripts)

X =dimensionless quantity (with subscripts)
w =frequency

w* = characteristic frequency

Aw =w, — w,, half-power bandwidth

v =vector Nabla operator

() =4/0¢, time derivative

Subscripts

k = property of kth vibration mode

max =maximum value

Introduction

ATERIAL damping arises from several physical sources
and is therefore difficult to predict accurately. Never-
theless, reasonably accurate damping information is often re-
quired to design a system properly for dynamic loadings.
There is considerable literature on both analytical and ex-
perimental aspects of the subject. Lazan! and Nowick and
Berry? provide useful summaries of what was known up to
their dates of publication. The author has found, however,
relatively few fundamental theoretical studies of internal
energy dissipation (or material damping).
The inherent dissipation in monolithic solids tends to be
small compared to the damping furnished artificially by
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dashpots, constrained viscoelastic layers, interconnections,
joints, and bearings. This is believed to explain why the role
of material damping is frequently omitted or underplayed in
the extensive literature on damping analysis and active con-
trol of Large Space Structures (LSS). Several authors (e.g.,
Gevarter,> Ashley?) have given some consideration to the
possibly important role of material damping on the stabiliza-
tion of structures. Reference 4 observed that a tiny amount
of structural damping is useful for meeting the control
system requirements of LSS like telescopes and antennas in
space.

In order to analyze the internal energy dissipation of a
given structure, one should take into account all possible
damping mechanisms, depending upon the specific material.
In practical cases, however, one or two mechanisms gener-
ally predominate, the others being comparatively negligible.

In 1938, Zener’ predicted that thermoelastic damping
(thermal damping) of monolithic crystalline solids is often
much greater than the damping due to all other mechanisms.
Experiments of Bennewitz and Rdétger® confirmed that his
predictions are accurate. Thermal damping is almost univer-
sal. But, under certain conditions with high electromagnetic
(EM) fields, the electromagneto-elastic damping (simply
electromagnetic damping) is of an even larger order of
magnitude.

Thermal Damping Analysis
Background
Zener’’ was apparently the first to point out that the
energy dissipation in vibrating metals must be sought in
stress inhomogeneities, giving rise to temperature gradients
and hence to local thermal currents, which increase the en-
tropy. Biot® discussed irreversible thermodynamics in
vibrating systems and applied a generalized coordinate
method to the calculation of internal energy dissipation. Tasi
and Herrmann®!? investigated a crystal plate by means of a
variational principle. Chadwick,!! in 1962, showed that his
results from normal mode analysis agree with Zener’s
theory.’ Later, Alblas'? developed a general theory of energy
dissipation in a three-dimensional finite body.

Basic Formulation

The two governing equations of the linearized coupled
thermoelasto-dynamics are given by'34

< E h/2 4
Dviw+ ( 1_1;) V?S—h/z o, ATasda; + ERV iw
+phViw=V1iF M
pc,\ (o, AT) To?dE e
V2 (0, AT) - (—_> - e 2
(AT =\ a1 k(1=2») ot @

where
1 d 1 A, a()
srorm el L ]
AA, Loy LR, A, O
N 9 [1 A, 8(~)]}
doy LRy A, Jda,

A|,A, are Lamé parameters and v$ and v? are two- and
three-dimensional Laplacian operators in orthogonal cur-
vilinear coordinates (o ,c,,3), respectively. F is the external
force and the other symbols are defined in the
Nomenclature.

Equation (1) is the equation of transverse motion, which is
believed sufficiently accurate to estimate quickly the effects
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of curvatures in relatively shallow shells. Equations for
plates and beams are readily recovered by forcing the radii
of shell curvatures, R, =R, = and Poisson’s ratio »=0.
Because of this adaptability, plates and beams are easily
recovered from the results obtained by solving Eqs. (1) and
(2) for shallow shells. Equation (2) is the heat conduction
equation, in which the influence of shell curvatures on ther-
mal flux is neglected. One notes that the two governing
equations include small coupling terms between elasto-
mechanical and thermodynamic behaviors, which give rise to
the damping of the vibration.

The general theory of shallow shells usually assumes, as
above, that the normal stress o;; is negligible along with
shear strains €;; and ¢,;. Under this assumption, the reduced
Hooke’s law and the strain-displacement relations' give ap-
proximately the dilatational part of the displacement field
(dilatation) in the form

v
]oe,AT 3)

- 1-2p ) 1+
e=€11+€22+633§— S 013V1W+ 1—»

1-

From the physics of the situation and the forms of Egs.
(2) and (3), a logical approximation to the elastomechanical
coupling would seem to be

a,AT(al,az,a3,t)Ef(o@)V%w(al,aZ,t) Y]

which reduces Egs. (1) and (2) to the forms:

D(1+inp,)Viw+ERViw+phViw=ViF (5)
a2f +[ viw _(pcﬁ) viw ]f
do? viw k 7iw
pc,A viw ]
= L =0
[k(l—v) viw % ©)
where )

E %)
n,=Imag. part of {mg—h/zﬂ%)%d%}

1+v»
, 051+A[ ]51 @

ToolE
A=——— —_—
(1-»)(1-2v)

ec,

One notes that only the imaginary part of the integration in
Eq. (7) is taken because of its contribution to the damping of
vibration. The modified equation of motion (5) now contains
the complex plate flexural rigidity D(1+iy,). 0 is approx-
imately equal to unity because always the thermal relaxation
strength A<1.7

In order to investigate frec vibration, one assumes har-
monic motion in the form

w= Y Cpa W =} C W, e ®)
mn k

(Indices mn are replaced by k for convenience.) Here C, is
the amplification factor of the kth normal mode W,, which
satisfies the following equations:

DVSW, + ERViW,—phw} VW, =0 ©)
k k

L W, W,dA = M5, (10)

where dA =do,dw, is the plate area element and §; is the
Kronecker delta. It is convenient to expand f(a,) in Fourier
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series, following the lead of Zener,’

fla)= Y apsin(2p+l)% (11

p=0

which satisfies insulated boundary conditions at the upper

and lower shell surfaces. These are appropriate to the-

vacuum of space, and one assumes no energy loss due to
heat convection or radiation. Substituting Eqgs. (8) and (11)
into Eq. (6) and using the orthogonality property of Fourier
series, one may solve for the coefficient ¢, of Eq. (11) to
find that a, <a, for p> 1. Therefore, a one-term approxima-
tion is acceptable with an error typically <2%,

Slas) = [fr +if;]sin(waz/h) (12)
where
fo= 1 4h w?7?
R7q2 1=»  1+wie?
1 4ha wT
L e W

Here we used the approximations =1 and O[(h/L)?*]1=0
for the shallow shells. 7 is the characteristic time, which is
controlled by the choice of material, specimen shape and
size, and defined by 7= (oc, h*/7w2k). Substituting Eq. (12) in-
to Eq. (7) gives

~96<1+V>[A wT ] (13)
e I 1+ w?r?

Here the square-bracketed portion of Eq. (13) is called the
Debye formula, 7p.

Free Vibration

Consider free vibration with forcing F=0, and assume
harmonic motion, Eq. (8). Then, using the orthogonality
property of Eq. (10), the equation of motion can be reduced
to the form

oh(w? —w}) +in, (Ty —phw}) =0 (14)

where
Ty=T,,=ER(ViW,/ViW,)

Because of small »,, T, is treated as a constant without caus-
ing significant error. In fact, I'; is found to be constant for
the simply supported structures with harmonic motions con-
sidered in this study.

One measure of free oscillation decay is the logarithmic
decrement, which yields the modal damping loss factor, as
follows:

8, 96 < 1+v) WT [c‘ok ]2
—_—=— A 15
x 7\ 1-yp 1+wir? L wy {13)

@ =wi— (I'/ph)

where

Forced Vibration

Consider the vibration forced by a concentrated load P,
acting at point (&;,&;). In terms of modal modes governed
by Eq. (9), Eq. (5) can be written

o

phE (5% —w?)C Wy —in, E (T —phw}) C Wy
k k

=Pyd(ay — &1 )0(ay — &) (16)
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Using again the orthogonality property of Eq. (10), one finds
the amplification factor C, as follows:

_ PoW, (&,,6,)
PhM [ (w} —w?) +in, (@i =T /ph)]

an

Cr

As an estimate of damping, the half-power bandwidth
Aw=w; —w, is readily obtained from the amplification fac-
tor C,. Then one measure of damping for the Ath mode of
vibration is simply

Aw Ei( 1+v )A W T [ & :IZ 18)

Wy T 1-» l+wir? L o,

which proved identical to the logarithmic decrement, Eq.
(15).

Another classical measure of damping is the loss factor 7,
defined as the ratio of energy dissipated in unit volume per
radian of oscillation to the maximum strain energy per unit
volume, that is, .

n=AU2nwU (19)
Here

1 /2
UE—z—SA S—h/z [o11€)] + o€ 1dazdA o)

2 p2a
AU= : :
U SA S—h/z So [0,1€y +0péy |dwtda,dA @1

In Egs. (20) and (21), approximations have been made con-
sistent with the foregoing derivations. Space limitations pre-
vent reproducing detail of a consistent analysis, which leads
to the expression

_96<1+V)A wT I -
=\, 1+ w?7? 22)

= SA [K|1+K22]2dA/SA K% +20K, Ky, + K3, 1dA
23)

with

where K, and K,, are the changes in curvatures of the mid-
dle surface.!?* In any practical examples, II>1 since »<0.5.
However, one notes that II=1 for the structures vibrating
one-dimensionally like beam plates. For the simply sup-
ported structures considered in this paper, II has the general
form

-(Ba[() e (2) T3
(Eal() (3 ()
()

where C, is the magnitude of C,, Eq. (17). L, and L, are
the full dimensions of a structure along the coordinates o
and «,, respectively. Note that N=1 for the rectangular flat
plates and curved panels and that N=2 for the cylindrical
shells and barrel-shaped shells.!?

Investigation of amplification factor C, shows that the kth
normal mode predominates when the circular frequency w is
near the kth natural frequency w,. Then one can use the

Q
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approximation

96 1+» wT
77574—< 1-v» >A1+w272Hk (w=wy) (25)

where the II, (or II,,) for simply supported structures is

given by
2 272
mm ) +N2( nw ) ]
L, L,

oo
[ v () () ()

The kth modal loss factors for simply supported struc-
tures, without further approximation, are readily obtained
from Eq. (22) in the form

_96(1+V> 9T @
"= 1 1+wir? ¢

Discussion

Equations (15), (18), and (27) provide measures of modal
damping at frequencies near natural frequencies. For struc-
tures vibrating one-dimensionally, such as beams and beam
plates, these equations give exactly identical results as in the
case of a mass-spring-dashpot system. In general, however,
there is no unique expression suitable as a measure of damp-
ing, even at a natural frequency. One may therefore ask
which measure of damping is the most meaningful and ac-
curate. The author has concluded that this question has no
definitive answer. As Jones!® observed, this ambiguity is
really not a serious problem. When comparing different
materials and configurations, one must simply employ con-
sistent, clearly defined measures. As far as small damping is
concerned, every measure must provide the same useful in-
formation. For this reason, the author has adopted the loss
factor n as a vehicle for further investigations.

How to maximize the loss factor seems to be the most in-
teresting issue for damping analysis. Maximization of damp-
ing is not a simple matter because of the complicated
characteristics of vibration problems. Figures 1-3 have been
calculated to illustrate factors II and loss factors 5 for simply
supported structures with the same surface areas (i.e.,
L,=L,=2m). As a preliminary, Fig. 1 and the study of C,
and Eq. (17) demonstrate that factor II is nearly independent
of circular frequency and structural thickness. These factors
are clearly important for the part of 5, of Eq. (13). Figure 2
shows that the loss factor increases at very low frequencies

[te} T T T
o
®m= ALUMINUM RECT. PLATES
@= ALUMINUM  PANELS @=7/6
St O= ALUMINUM CYLINDERS R=5m -
O= ALUMINUM BEAM — PLATES
e [ Li=L2=2m h=0.0tm To=288%K ]
0
£al . ]
g =
<
T
o 3
- Y
L, Ly=r ”
z al L,y Lz=27t
X g
‘3 : L | o . Ll
0.0 0.5 1.0 1.5 2.0 2.5 3.0

FREQUENCY [i1z]
Fig. 1 Frequency dependence of factor II.
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and decreases at high frequencies as the thickness increases.
It also demonstrates that the loss factor is almost propor-
tional to the reference absolute temperature.
From earlier developments for a given material and struc-
ture, np and II can be represented by
1p=np(w,h), n=1(L,,L,,m,n) (28)
Then it is obvious that 5, has its maximum value at frequency

w=1/7, which is called the Debye peak. The thickness for
maximum 7, is readily obtained from

h=xnl{k/pc,w]" (29)

Since damping plays its most important role at frequencies
near natural frequencies, it is valuable to maximize the
modal factor II,,, of Eq. (26). An optimal combination of
geometry and mode of vibration for the maximum value of
I1,,, is found to be

L,/L,=N(n/m) 30y

Equations (29) and (30) will be useful for designers who wish
to maximize the damping of vibration of the sort considered
here.

Consider the modal loss factors of the plates and shells
which are made of the same material. At a natural fre-
quency, when the same dimensions (L,,L,) and modes (m,n)
are selected for the plate and shell, it follows that

s Wy i+ wlz,'r
= 3 (31
1, w, l+owir
S T T T T T
s ALUMINUM RECT. PLATES
S, [ Li=L2=2m ]
-1 h=0.01m h=0.02m |
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g I \ @=To=288°K O=To=288°K
=8l I\ A=To=338°K A\=Ta=336°K
72} - ]
30 Ir\ /
2yl -\\.\
T o <\
3 NN
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z o . . -
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s 1/ uf == == .
==t z O~ O
EN 2/ 2 — ===
e L X ]
=) —_ I ) ! !
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Fig. 2 Temperature and thickness dependence of loss factor 4.
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Fig. 3 Curvature dependence of loss factor ».
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Since w,w,>1/7 in general, the modal loss factor of a plate
tends to be larger than that of a shell. Figures 1 and 3 show
that plates do indeed have the largest damping, followed by
panels, cylinders, beam plates, and simple beams. The damp-
ing of a panel gets closer to that of a plate as it gets flatter.
Also the damping of a curved panel gets closer to that of a
cylinder as it approaches the shape of the cylinder (see Fig.
3). It is also found that the damping of a barrel-shaped shell
is larger than that of a cylinder, but again the former gets
closer to the latter as the radius of barrel curvature increases.
Figure 4 has been calculated to illustrate the modal damping
loss factors for simply supported and partially clamped
plates at the first five fundamental frequencies. Simply sup-
ported plates achieve higher damping than partially clamped
plates. i

Without observation of what is really happening inside the
material, it seems to be very difficult to clarify the foregoing
results with a reasonable physical interpretation. From the
heat conduction equation (2), however, one can conclude
that a structure will experience higher damping when the rate
of dilatation gets larger. When the geometry and boundary
conditions for a particular structure are likely to increase the
rate of dilatation, the structure will achieve great damping.
Constraints on a structure seem to prevent increasing the rate
of dilatation with increasing natural frequency. Curved and
clamped structures have more constraints than flat and simply
supported structures.

Electromagnetic Damping Analysis
Background

Electromagneto-solid mechanics deals with the effects of
an EM field on the elastic deformations of a solid body. In
order to avoid an excessively long bibliography, the reader is
referred to Refs. 16-18.

There are two main reasons, in the author’s judgment,
why until recently there existed relatively few applications of
magneto-elasticity. First, EM effects were not a significant
industrial problem, at least until the appearance of very
powerful magnets. Second, continuum mechanics cannot
avoid resorting to complicated formulations for predicting
the internal forces in a magnetized body.

On the other hand, industrial activity could not avoid
dealing with instruments working in a strong EM field. In
1963 Alers and Fleury' recognized from experiments that
the influence of magneto-elastic interactions is considerable
in many such sitiations. Moon?® and Paria?' discussed many
practical applications of magneto-solid mechanics.

In extensive literature on the subject, very few studies of
internal energy dissipation due to an EM field are known.
Zener’ is believed to be the first to predict energy dissipation
by eddy currents in vibrating ferromagnetic metals. Chad-
wick?? investigated the effect of a static magnetic field on
wave motion in a conducting solid. Subsequently, Smith and
Herrmann? discussed the effect of a type of magnetic damp-
ing upon the stability of some circulatory elastic systems.
Nayfeh and Nasser?* examined the influence of small
thermoelastic and magneto-elastic couplings on the propaga-
tion of plane electromagnetic-elastic waves through an in-
finite isotropic medium.

In this paper, the author investigates the electromagnetic
damping due to electric conduction currents within a
homogeneéous, isotropic, and electromagnetically linear con-
ducting elastic body. The underlying theory is linear
magneto-elasticity .22

Basic Formulation
A complete set of equations of the linear magneto-
elasticity is given by
2V -u—B2V X (VXu)+ (uy/p)(VXh)yxHy+f=ii
(32a)
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Vih— (/v k=~ (1/vg) V X (4 X H,) (32b)

where u is the displacement field and A4 is a small perturba-
tion in a constant reference magnetic field Hy. vy = 1/ouy is
the magnetic viscosity, where o is electric conductivity and
pg is the magnetic permeability. Application of vector iden-
tities and properties of Maxwell’s equations in Egs. (32)
yields

YV -u—PBIX(Vxu)+ VX (AXCq)—V (h-Cp)+f=ii
- (33a)

V2h— (1/vy)hi—C (V) = C, X (V X#) + V (i-C,) =0
(33b)

where Cy and C, are the electromagneto-elastic coupling
vectors defined by
Cy=pyHy/p C,=Hy/vy

Parabolic Eq. (33b) contains three types of coupling terms:
dilatational, rotational, and gradient parts. In the case of the
heat conduction equation, one sees by comparison that only
a dilatational part exists.

To simplify the analysis without losing generality, one
assumes that the gradient part can be rendered negligible by
applying a properly oriented magnetic field. That is,

v(u-C,)=0 34)

With the assumption, Eq. (34), one introduces the Helmholtz
theorem?®
u=vo+VvxA, vV-A=0 (35)

Assuming f= VF and inserting Eq. (35) into Egs. (33), one
finds the equations as follows:

2 V2¢—h-Cy+F=¢ (36a)
BViA+hxCy=A (36b)
V2h— (1/v)h+Cyx V2A~C,V2$=0 (36¢)

These three equations govern longitudinal (P —), trans-
verse (S—), and EM waves. P and S waves are coupled to
the EM wave.

Modal analysis is useful for the solution to Eqs. (36) in the
form

d(r,t) = ), 8%, (r)e (37a)
h(rt) = Y, (¥, hew (37b)
Art) =Y, [¥, 1A% (37¢)

with the harmonic excitation given by
F(r,t)= Y Fob, (r)e (37d)

In Egs. (37), [¢,] shows the diagonal matrix with its
elements y,. Here r is a collective symbol for the coordinates
x,y,z, and ¢9%,h%,4% are constant magnification factors.
Eigenfunctions ¢, and corresponding eigenvalues A, are



1788 U. LEE

determined by

VY, +Ay,=0 on V (38a)
Vy, n=0 on S (38b)
Sv‘l’m‘pndV:‘smn (38¢c)

where 7 is the unit outward vector normal to surface S. Evén
though the boundary conditions (38b) do not embrace all
possible realistic conditions at bounding surfaces,?® the cor-
responding solutions should provide an acceptable basis for
the analytical study of electromagnetic damping. Introducing
assumed solutions into Egs. (36), one may obtain

(2N — )+ H0-Cy =F, (39a)
(BN — )AL —RYx C,p=0 (39b)

N2+ (iw/vy) 1A+ ioN2C, X AS — iwN2C,, 0% =0 (39¢)
Here F, is usually prespecified. When a constant magnetic
field is applied in such a way that Cpy=(Cy,,Cy»,0), then
Eqs. (39) are reduced to a 2X2 matrix equation with

unknown variables hS = (h,,;,A,,,0).

Free Vibration

Put F, =0 in order to study free vibration at a natural fre-
quency w,. Then Eqgs. (39) yield two algebraic equations, as
follows:

Xo1 =~ i xa1 — E2 (1 + €)X +iE5; =0 (40a)
Xo2 ~ 1Er2Xa ~ Erp (L+ €)X, + 187, =0 (40b)
Here ¢, and ¢, are electromagneto-elastic coupling constants
with standing S and P waves, respectively. The new nota-

tions are defined as follows:
Wy Wy >
——1 = ( 3 )
( wl* wz* Xn15Xn2

BZ az
( s = (wf,wy)
A2 A2 aC% poC3
(VH n’ il n) = (E%,p ,212) (p *H, *H> = (6,,62)

Yo Ve
*
Wy Wy

wf Wy

where o} ,wy are characteristic frequencies and the others are
nondimensional quantities. When ¢, =€, =0, the algebraic
equations for uncoupled elastic S and P waves are recovered.

10
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Fig. 4 Boundary condition dependence of modal loss factor 7.
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It is interesting to find that each of the algebraic equations
(40) has a form identical to that for the thermal damping of
an elastic body, solved by Chadwick.!! This implies that
electromagnetic damping is analogous to thermal damping.
With the help of Chadwick’s solutions obtained for the same
type of algebraic equation, the modal damping loss factor
can be obtained from

Opi i

- €; ) (i=1,2) 41

I

where higher terms O(e?) are neglected. Since ¢, >¢,, stand-
ing S waves are seen to have larger damping than standing P

waves.
As an example, consider an infinite plate with uniform

thickness 4. To obtain maximum dampings for the S and P
waves, the thicknesses can be shown to be

h,=(2n+1){vym/B] for the S wave (42a)
h,=(2n+1)[vyw/c] for the P wave (42b)

Therefore the standing S wave requires larger thickness than
the standing P wave to achieve peak damping.

Forced Vibration

It is convenient to introduce a new notation, defined by
(w/w})=x,. For the forced vibration, Eqs. (39) can readily
be solved for ¢%, 49, and h%. Without reproducing com-
plicated calculations, one finds the real parts of the solutions
as follows:

u= E [#%coswt] VY, 43)
n
h= Y, [hdgcoswt —hYsinwt]y, (44)
n
where
60 = — Fy 22 + X%
§ wi? (E+EL) OG- %) —6Ehxd
Ho = F,Cy e2x3¢%
RECH (Eht+x3) 03— EL) — et
no = F.Cy eXabm
nl =

Ch  Gm+x3) 3 —th) —eihxd

The result shows that only the dilatation contributes to the
damping when one assuines f= VF.

Equation (19) will be adopted as a measure of electromag-
netic damping in forced vibration. In the present case, the
energies U and AU are given in the form

1
U:TSVlijéijdV (45)

2T
AU= SV SO myé dotdV (46)

Note that ¢; is the total stress, which is the.sum of
mechanical stress and linearized Maxwell stress,

ti=0;+my; (CY))
where
E

aij:m[veﬁij‘i— (1-2v)¢;1]

my = py [ (Hoh;j + Hoh;) —Hy - hoy)
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It is obvious that the mechanical stress does not contribute
to the energy dissipation. Thus, only the Maxwell stress is
considered in Eq. (46). It can be shown, by using the
assumption (34), that the round bracketed part of m;; also
does not contribute to the energy dissipation. A substantlal
series of calculations, with application of the orthogonality
property (38¢), leads to

ngnz
n=eR ) P,——" (48)
? ; w2+

where

RES made/S [e2+<11__2:)(e,2,—e2)] dv (49

max

In Eq. (48), P, satisfies the Parseval properties.!! The per-
turbation of EM field generated in a solid body is likely to
be so small that its contribution to R is neglected. Equation
(48) is exactly analogous to the key results of Zener® and
Chadwick,!! which are for thermoelastic damping. Zener
worked out a number of simple cases in which he estimated
the values of P,. It is found that Py=1 and P, <1 for n>1.
Equation (48) can then be approximated by

1= R X85/ 03 +£8)] (50)

which has the maximum value ¢,R/2 when x,=£%,. The
modal loss factor at a natural frequency x, =¢£,, is found to
be

M, =R £,/ (1+E))] (1)

This result agrees with §,,/x apart from factor R (=1). g,
has the maximum value ¢,R/2 when £,,=1.

Modal damping loss factor, defined by the half-power
bandwidth, is found from the magnification factor ¢9 of Eq.
(43) in the form

A A
W _ X2 =e, EnZz (52)
n Xn2 1+ gnz

which is exactly the same as Eq. (41) with index i=2 and Eq.
(51) with R=1.

The general expression for electromagnetic damping shows
that it takes the form of the Debye formula and that it is
proportional to the square of the magnitude of the reference
EM field. Therefore the contribution of electromagnetic
damping to total material damping will be considerable in
high fields.

Thermal Damping Effects
on the Aeroelastic Stability of Beam Plates
Analysis ‘
Consider a simply supported or clamped beam plate
vibrating one-dimensionally. Dowell’s equation of aeroelastic
equilibrium? is modified into the form
4

. Fw
D(1+in,)——

P +phw+AM +AE=0 (53)
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This now includes a thermal damping source 5,. Familiar
aerodynamic theory will be directly applied as given by

AM = 0, UZ aw M2-2 1 ow
y4 (Mz_l)‘/z

+ — = 54
ax  M-1 U, az] 4

which is the unsteady aerodynamic pressure due to plate mo-
tion in supersonic flow (M>1) and low frequency. Ap% in
Eq. (53) is the external aerodynamic pressure independent of
plate motion. Even though aerodynamic damping, the sec-
ond term of Eq. (54), changes sign from negative to positive
as M increases above V2, thermal damping 5, is always
positive. For thermal damping, the physics seems to be true
because the feedback of temperature fluctuation during
vibration always gives rise to energy dissipation.

Application of modal analysis and the assumption of har-
monic motion lead to a characteristic equation in matrix
form,

IM,, [ = (1+in,) 0} 18, — P UL O, 1 =0 (55)

Here the following relations have been used:

Iw,
ho? W, =0 56
W pPAWY n ( )
L

SO W, W,dx=M,9,,, 7

M ! M -2 M, for m=n

T on(ME-1)% MP-1 U, " B

1 L aw,,

= w,dx f 58
ph(MZ—l)‘/ZS i or m#n (58)

where L is the plate length in the streamwise x direction. One
may replace n, with its maximum value, independent of fre-
quency, to simplify the analysis without compromising the
main objective of the study.

Case I: Single Mode (N=1)

For the nth particular mode of vibration, Eq. (55) can be
reduced to the form

M M?2-2
M-1)% M—1

K?—iy K—(1+in,)K2=0 (59)

where K and K, are reduced frequency defined by

K=wl/a,, K,=w,L/a,

and y=p,L/ph is the nondimensional mass ratio. The roots
of characteristic equation (59) determine the stability of the
beam plate. Typical results are shown in Fig. 5, where M. is
the Mach number at which flutter instability starts to occur,
and is determined by the equation

YMp (M3 —2) +2K, (Mi— 1) (M;~1)" =0 (60)

When n, =0, the stability boundary is at Ms=V2. In this
case, the beam plate is unstable when M<V2 due to the
negative aerodynamic damping and is stable when M>V2
due to the positive damping. In the case of 5, #0, the stabil-
ity boundary is shifted to the lower Mach number,
M{=Ms—(K,/4vy)n,, to extend the stable range of Mach
number by O(n,). This result implies that thermal damping
improves the stability of beam plates. Figure 5 shows that
divergence instability may exist at 1 <M <M, depending on
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v and K,, when #,=0. However it also shows that
divergence instability and thermal damping do not coexist.

Case II: Multiple Modes (N=2)

Flutter may also occur as a result of coupling between
vibration modes at high supersonic Mach numbers (M > v2).
When we consider two particular modes at M> V2, Eq. (55)
can be approximately written

K4~ (1+ip ) (K} +K2)K2 + (1 +in,)2K}K3 + N2 @2 =0 (61)

where

v = [ ([, S [, waes| waee)
M4
= [W:T]"’

Flutter boundaries are given analytically as follows:

4y*¢* M+ (K? - K3)* (M3 —1) =0 (62)
M}p=Mp+ [ (K} +K3)*/16M}y¢* 102 (63)

Figure 6 shows the effects of thermal damping on the flutter
of coupled multiple modes. These results again demonstrate
that thermal damping is favorable for stability, by O(»?).
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